Estimates on the first two buckling eigenvalues 
on spherical domains * 

o 
o 

CN ■ Guangyue Huang, Xingxiao Li j Xuerong Qi 

q ' Department of Mathematics, Henan Normal University 

Xinxiang 453007, Henan, P.R. China 

(N 



43 



Abstract. In this paper, we study the first two eigenvalues of the buck- 
Q | ling problem on spherical domains. We obtain an estimate on the second 

eigenvalue in terms of the first eigenvalue, which improves one recent result 
obtained by Wang-Xia in [7]. 
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£2 ■ 1 Introduction 

O 

Let n be a connected bounded domain in an n-dimensional Euclidean space R n and v 
be the unit outward normal vector field of d£l. Lhe well-known eigenvalue problem 

7— i ; 

f A 2 u = -AAu in ft, 

| u = |m = o on an 

• 5— i . 

^ ■ is called a buckling problem, which is used to describe the critical buckling load of a 

clamped plate subjected to a uniform compressive force around its boundary. 
Let 

< Ai < A 2 < A 3 < • • • 

denote the successive eigenvalues for (II. ip . where each eigenvalue is repeated according 
to its multiplicity. In 1956, Payne-Polya- Weinberger [6] proved that 

A 2 < + A i- 

Subsequently, Hile-Yeh [4] improved the above inequality as follows: 

n 2 + 8n + 20 , 
A 2 < ? ^ 9 . 2 Ai- 
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Estimates on the first two buckling eigenvalues 



In 1994, Chen-Qian [2] considered the following more general eigenvalue problem: 

j (-A)Pu = A(-A)«« in ft, 

I « = g = - = £^ = onffi 

with p and g are positive integers and p > q. They proved that 

. (n + 2g) 2 + 4p(2p + n - 2) - 4g(2g + n - 2) 
[n + 2g) 2 

In 1998, Ashbaugh [1] found that 

n 

J2 A i+i ^ (" + 4)Ai. 

i=l 

For answering a question of Ashbaugh in [1], Cheng- Yang [3] obtained in a recent 
survey paper a universal inequality for higher eigenvalues of the buckling problem. In 
fact, they proved that 

£(A fc+1 - Aj) 2 < £(A fc+1 - A,)A,. 

In 2007, Wang-Xia [7] considered the buckling problem on domains in a unit sphere 
and obtained the following result: 

Theorem A. Let Aj be the i th eigenvalue of the following eigenvalue problem: 

A 2 u = -AAu in 0, « = ^ = on dQ, 

ou 

where Q is a connected domain in an n- dimensional unit sphere with smooth boundary 
dQ and v is the unit outward normal vector field of dQ. Then for any 5 > 0, it holds 
that 



^(Ai-(n-2)) 
4(6Ai + n - 2) 

2 



2 £(A fc+1 - A,) 2 < ^(A fe+1 - A *) 2 ( SK + 



+ l E( A t+1 -A i )(A i+ (^). 

1=1 ^ ' 



(1.2) 



Recently, Huang-Li-Cao [5] improved the above result as follows: 
Theorem B. Under the assumption of Theorem A. Then for any 5 > 0, 



n - 2 



Ai - (n-2), 

i. 

E( A ^+i - A *) ( A * + ^r^) 



(1.3) 
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In the present paper, we consider the first two eigenvalues of the buckling problem 
on spherical domains and obtain the following result: 

Theorem 1.1. Let A, be the i th eigenvalue of the following eigenvalue problem: 

A 2 u = -AAu in 0, u = — = on dVL, (1.4) 

ou 

where 0, is a connected domain in an n- dimensional unit sphere with smooth boundary 
<9Q and v is the unit outward normal vector field of dVt. Then we have 

fnin-Kx) , A4Ai + (n-2) 2 . , 

A 2 <A 1+ (-L_Ll +2(n + 2) ) L-L_^ . (1 . 5) 

Corollary 1.2. Under the same assumption of Theorem 1.1, we have 

A 2 <fl + -g-V 1 + 2 '"- 2 ) 2 . (1.6) 
- V n + 2) n + 2 y J 

Remark. From the inequality (|2.18p in section 2, we have 

Ai > n. 

Hence, we derive from (jl.3|) that 



(A 2 -A0<Af UA 2 -A 1 )(A 1 + ^-^) }« . (1.7) 



That is, 

A 2 <A 1+ A! U + ^J^l 

Note that 

8 \ . 2(n-2) 2 /. (n-2) 2 

Thus it is not hard to see that, for the first two eigenvalues of problem (jl.4|) . the 
inequality (II. 6p is sharper than (|1.3j) . 

2 Proof of Theorem 

Let xi,X2, ■ ■ ■ , x n+ \ be the standard coordinate functions of the Euclidean space M n+1 . 
Define 



!^ Xl ,x 2 ,...,x n+1 ) eR n+1 ; = lj . 



Denote by u\ the eigenfunction corresponding to Ai of the eigenvalue problem (11. 4p . 
that is 

^ A 2 ^i = — AiAmi in $7, 
Ul = = o on an, 

I ; n (v«i,vui) = i. 



4 Estimates on the Erst two buckling eigenvalues 

Let 

(p a = x a ui - C a ui, (2.1) 

where 

C a = x a ui(-A)ui. 
Then one gets ip a = dcp a /dv = on dil and 

[ (V<p a ,V Ul ) =0. (2.2) 

JQ 

It follows from the Rayleigh-Ritz inequality that 

A2 < r t= ■ (2.3) 

Using integration by parts and the definition of ip a , one finds that 

/ |Vy? Q | 2 = / cp a (-A)(p a 
Jn Jn 

= / tp a (—A)(x a ux) (2.4) 
Jn 

= / f a x a {-A)ui - / ^ a [A(a; a tti) +x a (-A)ui\. 
Jn Jn 



Note that 



/ ip a A 2 tf a = / 9? Q ,A 2 (x Q ,ui) 
Jn Jn 

=Ai / </5 q x q (-A)mi + / ^ a [A 2 (x Q «i) - x a A 2 Mi]. 
Jn Jn 



It follows from (COD, (GOD) and (Q that 



(A 2 -Ai) / |Vv? Q | 2 <Ai / v? Q [A(x Q ui) + x Q (-A)ui] 
Jn Jn 

+ / y? Q [A 2 (x a ui) - XqA 2 ui]. 



Again, by using integration by parts, one gets that 

n+l 



Al S / <Pa[A(XaUl) + X a (-A)ui] 
a=l Jn 
n+l 

=AiV / x a ui[A(x a ui) + x a (—A)ui] 

a=l Jn 
n+l . 

=Ai 2, / x a u\[— nx a u\ + 2(Vx a , Viti)] 
«=l ^ 



nAi / u 2 



(2.5) 



(2.6) 



(2.7) 



i / «i- 

n 
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Inserting (|2.7p into (|2.6p yields 

(A 2 -Ai) / |V¥> a | 2 < -TiAi f uj+ ip a [A 2 (x aUl ) - x a A 2 Ul }. (2.8) 

Let V and V 2 be the gradient operator and the Hessian operator of S n , respectively. 
Then we have 

A(x a ui) = —nx a u\ + 2(Vx Q , Vni) + x a Au\, (2-9) 
where we have used A From the Ricci identity, it follows that 

A(Vx Q , Viti) = 2(V 2 x Q , V V) + (Vx Q , VAui) + (n - 2)(Vx a , Vt*i). (2.10) 

It is well-known that 

V x a — x a ( , ). 

Therefore, (|2.10j) becomes 

A(Vx Q , Vui) = -2x a A-ui + (Vx Q , VAni) + (n - 2)(Vx Q , Vui). (2.11) 
By virtue of (I2.9|) and (12.111) . a direct calculation yields 

A 2 (x a ui) = x a A 2 u 1 +n 2 x a ui-2(n+2)x a Aui-4{Vx a ,\7u 1 )+4:(Vx a ,VAui). (2.12) 
Then 

n+l „ 

V" / 99 Q [A 2 (x a tii) - x a A 2 ui] 
a=l Jn 

n+l . 

= Y] x a ui[A 2 (x a ui) - x a A 2 m] 

a=l Jn 

^ /■ , (2-13) 

= > / x a tii [rr x a iii -2(ra + 2)x Q Aiti -4(Vx a ,Vtti) + 4(Vx a , VAtti)] 

a=l 

=n 2 \ u\- 2(n + 2) / uiAtti 



=n 2 / uf + 2(n + 2). 
Jn 

From (\2.8\) and ()2.13p . we arrive at 



n+l „ „ 

(A 2 - Ai) V / |V<^ Q | 2 < n{n - Ai) / u? + 2(n + 2). (2.14) 
if] 



Let 

f n — 2 
D a = (Vtpa, V(Vx a , Vui) — XaVuij 

Jn 1 
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Then 

n+1 n+1 



" Ti r n — 2 
E-° a= E / (^( x aUi), V(Vx a , Vui) — x a Vui) 

a=l a=l J Q 

n+1 . _ 2 

«=1 ^ 2 



Q 

n+1 



[ (V(x a ui), V(Vxq,, Vm) - W 2 x Q Vni) 

n+1 „ 2 n +l r 

/ (V(Zq,Ui), V(VXa, Viti)) — V] / (V(x a 1il),X a Vlil) 

Q =i^ 2 «=i-/n 

n-2 

■ - 2 



2 

n + 2 



Since 



2 

n+1 



n — 2 2 
— — x a Vui\ 



V / |V(Vx Q ,Vn 1 ) 

a=l^ 

n+1 , „ . 

V( / |V(Vx Q ,V Ul )| 2 - (n-2) / (V(Vx a Vtti),i a V«i) 



(n-2) 2 / , ^ > 



n 



=Ai 
It follows that 

(n + 2) 



4 

(n-2) 2 



2 x 2 



4 



\a=l / 

^(eX |V(/?q|2 ) (eX 1 ^^'^ - ^^^ 112 ) (2 - i5) 

\ n+1 . 

J E / 

' a=l 7c 



a=l' /i2 / \a=l' 

2\ "+ 1 



By (|2.15p . we obtain 



n+1 „ / i o\ 

,2^ (n + 2) 



Applying (|2TTH|) to (l2~T4l) yields 

A 2 < Ai + (n(n - Ai) ^ u 2 + 2(n + 2)) ^l±|i^£ , (2.17) 

Lemma 2.1. Lei Oi ; SI2 &e too connected bounded domains in S n and Qi C ^2- 
Then it holds that Ai(fii) > Ai(f22). 
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Proof. Let ui(Qi) be the eigenfunction corresponding to Ax(Oi). Then the func- 
tion defined by 

u\ in Q\, 
in 0,2 — ^i 



is a eigenfunction corresponding to Ai(J72)- This easily proves Lemma 2.1. 

Let Ai be the first eigenvalue of Laplacian. Then Ai(S n ) = Ai(S n ) = n because 
there are no boundary conditions in this case. It follows that 

Ai(Oi)>n (2.18) 

by setting Q = fix and = § n m Lemma 2.1. 
Using Schwarz inequality, we have 

1 = / |Vui| 2 = / ui(-A)ui <( [ u\ f (A Ul ) 2 X 2 = (a x [ V2 

Hence, 



u\ > (2.19) 



Applying (pT8l) and (pT9|) into (I2TT7D yields 

/n(n-Ai) , A4Ai + (n-2) 5 
A 2 < A x + -i— ^ + 2 n + 2 ) » 



Ax V (n + 2) 2 

This completes the proof of Theorem 1.1. 

Proof of Corollary 1.2. From the inequality (|2.18j) . we have 



n(n — Ai) . . 

+ 2(n + 2) < 2(n + 2). (2.20) 

Ai 

Applying (|2.20p to (|1.5p completes the proof of Corollary 1.2. 
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